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Exercise 5C 
 

1 1yz z yx
x

−= ⇒ =   

2 1d d
d d

z yyx x
x x

− −= − +  

2

d 1 d
d d

z y y
x x x x
+ =  

d d
d d

d
d

y z yx
x x x

zx z
x

= +

= +
 

 

 a d
d
y y x
x x y
= +   

The transformed equation is: 
d 1
d

zx z z
x z
+ = +  

d 1
d

zx
x z
=  

d 1
d

zz
x x
=  

  
1d dz z x
x

=∫ ∫  

.
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2
ln ln   where ln

z x c
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= + =
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21 ln
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z xB=  

2

2 2

2 2
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=

=
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x

=  

2
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=  
2 2 2lny x Dx=  
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1 b 
2

2

d
d
y y x
x x y
= +  

The transformed equation is: 

2

d 1
d

zx z z
x z
+ = +  

2

d 1
d

zx
x z
=  

2 d 1
d

zz
x x
=  

2 1d dz z x
x

=∫ ∫  

31 ln
3

z x c= +   

Since yz
x

=  

( )
3

3 3 lny x c
x

= +  

( )3 33 lny x x c= +  

or 3 3 3Iny x Dx=  
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2

2

d
d
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= +  

The transformed equation is: 
2d

d
zx z z z
x
+ = +  

2d
d
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x
=  

2d
d

z z
x x
=  

2
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=∫ ∫  
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z

− = +  
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x

=  
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− = +  
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= −
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1 d 
3 3 2

2 2

d 4 4
d 3 3 3
y x y x y
x xy y x

+
= = +  

The transformed equation is: 

2

d 1 4
d 3 3

zx z z
x z
+ = +  

2

3

2

d 1 1
d 3 3

1
3

zx z
x z

z
z

= +

+
=

 

2

3

3 1d d
1

z z x
z x

=
+∫ ∫  

( )3ln 1 lnz x c+ = +   
3 ln
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1 e
e e

  where e

x c

x c

c

z

Ax A

++ =

=
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3 1z Ax= −   

Since yz
x

=  

3

3 1y Ax
x

= −  

( )3 3 1y x Ax= −  
 
2 a 2z y−=   

3d d2
d d

z yy
x x

−= −  

3d 1 d
d 2 d
y zy
x x
= −  

( ) ( ) 3d 1 tan 2sec
d 2
y x y x y
x
+ = −  

The transformed equation is: 

( ) ( )3 31 d 1 tan 2sec
2 d 2

zy x y x y
x

− + = −  

( ) 21 d 1 tan 2sec
2 d 2

z x y x
x

−− + = −  

( ) 2d tan 4sec
d

z x y x
x

−− =  

Since 2z y−=  

( )d tan 4sec
d

z x z x
x
− =   as required 
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2 b  ( )d tan 4sec
d

z x z x
x
− =  

tan dx sece e cosx In x x− −∫ = =  
  

cos sin 4dzx z x
dx

− =  

cos 4
4
cos

z x x c
x cz

x

= +
+

=
 

Since 2

1z
y

=   

2

1 4
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x c

y x
+

=  
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4
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=
+

 

 

3 a 
1
2z x=   
1 1
2 2d 1 d

d 2 d
xx x

t t
− 

= 
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Therefore: 
1
2d 1 d

d 2 d
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t t

−
=  

1
2d d2

d d
d2
d

x zx
t t

zz
t

=

=
 

The original equation is: 
1

2 2 2d
d
x t x t x
t
+ =  

The transformed equation is: 
2 2 2d2

d
zz t z t z
t
+ =  

2 2d 1 1
d 2 2
z t z t
t
+ =   as required 
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3 b 2 2d 1 1
d 2 2
z t z t
t
+ =  

32  
11 d
62e e

tt t∫ =  
3 3 31 1 1

2 26 6 61 1e e e
2 2

t t tdz t z t
dt

+ =  

3 3

3

1 1
6 6

1
6

e e

1 e
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−

= +
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Since 𝑧𝑧 = 𝑥𝑥
1
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1
2 =  +𝑐𝑐𝑒𝑒−

1
6𝑡𝑡
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1
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3
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4 a 1z y−=   

2d d
d d
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−= −  
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d d

d
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y zy
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x
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= −
 

The original equation is: 
( )3

21d 1
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+
− =  
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d
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− +   − − =   
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( )31d
d

xz z
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+
− − =  
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d
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+
+ = −  
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4 b ( )31d
d

xz z
x x x

+
+ = −  

 
1 d lne e

x xx x∫ = =  
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1
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1
4
1
4
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x
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=   
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= −  
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+ −

=
− +
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5 a z = y2 

d d2
d d

z yy
x x
=  

d 1 d
d 2 d

1 d
d2

y z
x y x

z
xz

=

=
 

The original equation is: 

( )2 d 12 1 2
d
yx xy
x y

+ + =  

( )2 2

d 1
d 1 2 1
y xy
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+ =

+ +
 

The transformed equation is: 

( )2 2

1 d 1
d 12 2 1
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+ =

+ +
 

( )2 2

d 2 1
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 + = + + 
 as required 

 

 b 
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d
zx xz
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+ + =  
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x
+

=
+
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2
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x
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=
+
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x
+

=
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6 ( )
1

1 1n nz y y z
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n

n
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x
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−

= − −
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d 1 d
d 1 d
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−
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1
1

1
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−
−
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=  
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1d 1 d

d 1 d

n
ny zz

x n x
−

−= −
−

 

The original equation is: 

( ) ( )d
d

ny P x y Q x y
x
+ =  

The transformed equation is: 

( ) ( ) ( )
1

1 1 11 d
1 d
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− − −− + =
−

 

( ) ( ) ( ) ( )
1

1 1 1d 1 1
d
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x
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− − −− − = − −  
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x
−
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1
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d
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x

−
−− − = − −  
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d
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x
− − = − −   as required 
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7 a 2 2u y x y u x= + ⇒ = −   

d d d d2 2
d d d d
u y y u
x x x x
= + ⇒ = −  

The original equation is: 
( )1 2 4d

d 1 2
y xy
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+ +

= −
+ +

 

The transformed equation is: 
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1
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u
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+
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1

1
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+
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+
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+

=
+

 

 
b ( ) 1 d du u x+ =∫ ∫    
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2

u u x c+ = +  
22 2 2u u x c+ = +  

Since 2u y x= +  

( ) ( )22 2 2 2 2y x y x x c+ + + = +  
2 22 2 4 4 2y x y xy x c+ + + + =  

2 24 4 2 2   where 2x xy y y x k k c+ + + + = =  
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Challenge 
 
The original equation is: 

2 2d
d
yx xy y
x
− =  

2

2

d
d
y y y
x x x
− =  

Let yv
x

=   

2 1

2

d d
d d

1 d
d
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y y
x x x

− −= − +

= − +
 

2

d 1 d
d d
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+ =  

d d
d d

d
d

y v yx
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vx v
x

= +

= +
 

The original equation is: 
2 2d

d
yx xy y
x
− =  

The transformed equation is: 
2d

d
vx v v v
x
+ − =  

2d
d
vx v
x
=  

2

1 d 1
d
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=  

 2

1 1d dv x
v x

=∫ ∫  

1 ln x c
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− = +  

Since yv
x

=  
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− = +  
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= −
+

 


